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S W Y  

It is usually postulated in the theory of diffusion that the scatter- 
ing indicatrix is spherical, or little differing from it. 
tulate the working out of theory achieved to date a considerable success. 
flowever, the problem of radiation diffusion in a medium with a strongly 
elongated scattering indicatrix has been studied to a considerably lesser 
degree. 
to them in particular are galactic dust nebulae, planetary atmospheres and 
water basins. 

With such a pos- 

Meantime such media are quite often encountered in practice. Related 

An approximate method is proposed in the present note for the solution 
of the indicated problem, which consists in the reduction of the integral- 
differential equation for radiation transfer to a differential equation of 
second order i n  partial derivatives. 
the case of flenyey-Grcenstein's scattering indicatrix, and it is anticipated 
that similar results will be obtained in the case of other problems. 

The results obtained are applied to 

* 
* * 

Let us consider for the sake of simplicity that radiation diffusion 
takes place in a medium consisting of plane-parallel layers. 
by I(T, +,  4 )  the intensity of radiation proceeding at the optical depth T 
at the angle 4 to the normal for the azimuth $. 
example [l], the radiation transfer equation has the form 

We shall denote 

As is well known (see, for 

I) 0 

where x(y) is the scattering indicatrix (Y being the angle between the direc- 
tions of the scattered and incident rays), x is the probability of photon 
survival in the course of an elementary scattering event. 

(*) 1)IFFUZIYA IZ1,UCIENIYA PRI SIL'NO VYTYANUTOY INDIKATKISt~ MSSEYANIYA 
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We consider that the scattering indicatrix is strongly stretched for- 
ward, i. e. function (x(y) has a sharp maximum in the direction charactcr- 
izcd by the angles 4 and 6. 
tuted approximately by its expansion in Taylor series by powers 1 1  -- .;) and 

‘r. Limiting ourselves to quadratic terms of this equation, we f i n d  in -  
stead of Eq.  (1) 

This is why the quantity I ( T .  P‘. (r’) may be subst i -  

E q . ( 2 )  may be also obtained in a somewhat different fashion. Let us 
substitute the assigned scattering indicatrix approximately by the indicatrix 

where the quantities y o  and c are interrelated by the normalization condi- 
t ion 

- 

c(1  - cos yc) = 2. (5) 

Substituting (4) into (1) , expanding I(T, O.’, (p’) in Taylor series by 
and taking advantage of the smallness of yo, we again arrive at E q . ( 2 )  in 
place of Eq.(l), in which 

u = 1/2c (6) 

The more elongated the scattering indicatrix is, the smaller the angle 
and the greater the value of 5. Usually the indicatrix’s prolation is YR c aracterized by the parameter 3 ,  constituting the first term of its expan- 

sion by Legendre polynomials, i. e. 

Finding the value of 2 for the indicatrix (4) and equating it to the 
vaitic of 3 for  the real indicntrix, we obtain 

c = 3 / (3 - xl) (8) 

Substituting (8) into (6 ) ,  we have 

u = (3 - xl) /6 ( 9 )  



The cietennination of parameter u_ by formula (9) may be found t o  be inore 
fo r tuna te  than i t s  determination by €ormula (3). 

'I'hus, f o r  an approximate finding of r ad ia t ion  i n t e n s i t y  I ( z ,  i ) .  yx) we ob- 
t a ined  E q .  ( Z ) ,  i n  which the  value of u_ is determined by e i t h e r  formula (3) o r  
(9) (o r  by any o t h e r  convenient formula). Obviously, t he  r e s u l t s  of u t i l i z a -  
t i o n  of E q . ( 2 )  w i l l  be so  much the more p rec i se  as the  photon undergoes more 
s c a t t e r i n g s  i n  the  given medium ( tha t  is ,  t h e  g r e a t e r  is the  optical  thickness  
of the  medium and the  c l o s e r  t o  uni ty  is t h e  quan t i ty  A ) .  This  i s  explained 
by the  f a c t  t h a t  after nwnerous s c a t t e r i n g s ,  even i n  the case of i n d i c a t r i x  ( 4 ) ,  
t he  photon may sharply change i t s  d i r e c t i o n ,  as a consequence of which the re  
appcar backscat tered photons*. 

For the  so lu t ion  o f  any coricretc problem houndary condi t ions  must be ad- 
I f  the  r ad ia t  ion sources arc located ou t s ide  t h e  rncdium, these  dccl t o  l i l .  ( 2 1 .  

co i~di t io i i s  mist  dctcnniric tlic intci is i ty  o r  the  r ad ia t ion  inc idcnt  upon the  
lioiuidaries L'rom without.  I f  they are ins ide  t h e  medium, t h e  boundary condi- 
t i o n s  must bc cxprcssirig the  absciice of ou te r  r a d i a t i o n .  In t h e  la t ter  case 
a term should be introduced in Eq,  ( 2 ) ,  charac te r iz ing  t h e  r ad ia t ing  capac i ty  
o r  the emiss iv i ty  of t h e  medium. 

As an example, let  us resolve with the  a i d  of Eq. ( 2 )  t he  problem of 
l i g h t  regime i n  deep l aye r s  of  a s emi - in f in i t e  medium i n  case of o u t e r  emission 
sources .  This problem may also be resolved with p rec i s ion  ( see  [l]), and the  
r e s u l t s  af approximate and prec ise  so lu t ions  can be mutually compared. 

I n  t he  given case the  r ad ia t ion  i n t e n s i t y  is independent of t h e  azimuth 
and niay bc represented i n  the  form 

I ( z ,  0) = y ( ( 0 ) e - k 5 ,  

whcrc k is a cons tan t  depending only on t h e  s c a t t e r i n g  i n d i c a t r i x  and the  quan- 
t i t y  . - 

Subs t i t u t ing  (10) i n t o  ( 2 ) ,  we obta in  the  following equat ion f o r  the  d e t e r -  
minat ion of funct ion y (6); 

871 6 (sin 6 s) = (a - b cos 6) y, 

where 

* 
d i f f u s i o n  (with s u b s t i t u t i o n  o f  s i n  I? by 4 and without d e r i v a t i v e  wi th  respect  
t o  9 1 ,  f o r  t he  s tudy of  small p a r t i c l e  de f l ec t ions  from the  i n i c i a l  d i r e c t i o n .  

An equation similar t o  (2)  was u t i l i z e d  in  the  theory of p a r t i c l e  
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IVc shall seek t h e  solution o f  i!q.(ll) i n  t h e  ~ c ) T ~ T !  s f  expaasion by 
1,cgeridr.c polynomials, i .  e .  we s h a l l  pos tu l a t e  

'The d J s t i t i i t i o n  of (13) in to  (11) leads t o  the  following recur ren t  
formula f'or the determination of t h e  f ac to r s  yn: 

From the  condi t ion of r e so lvab i l i t y  of t he  system of homogenous equa- 
t i o n s  (14) cons is t ing  i n  t h a t  i t s  determinant be zero,  it is poss ib le  t o  
f ind  the  dependence between t h e  q u a n t i t i e s  a and b.  
formulas ( 1 2 )  a dependence is obtained between t h e q u a n t i t i e s  - k ,  A ,  E. 

Hence, w i t h  t he  a i d  of 

'The determinant of system (14) is 

x 

Titking :iclv:tntagc of t hc  we11 hiown approach ( see ,  f o r  exaniplc, [ Z ] ) ,  
froin the cotidit ion A = 0 wc' alay express a as a funct ion of 11 i n  the  Conn 
of' coritinucd f r x t  ion. 
(15) by s t r i h i n g  ou t  t he  11 f i rs t  1 iries and columns. 

Let tis denote by-An the  de t e rminan tob t~ i inab le  from 
Then we have - 
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Sulis t i tuing i n t o  (18) t h e  expression (17) and the  subsequent cxpres- 
sions Tor A A ~ ,  . . . , w e  oh ta in  

2' 

For sinal1 b formula (19) g i v e s  a = 1/6b2. tlence, on t h e  basis of ( 1 2 )  
arid (9) w c  find- 

I l t i l i z i n g  ( Z O ) ,  from (13) and (14) w e  ob ta in  

,, Ihe rigorous theory for  s m a l l  k a l s o  leads t o  forniulas (20) and ( 2 1 ) .  
~ h c  determination of parameter - u by-formula (9)  is a l s o  so some ex ten t  j u s -  
t i f i c J  by it .  

Cotnpilcd i n  Tablc 1 are the  valiies of a f o r  t he  values  of b from 0 to  10  
cornputed by formula (19) .  
form between the  q u a n t i t i e s  

Upon f ind ing  the  dependence between a and k, the  r ad ia t ion  i n t e n s i t y  may 
be determined by formulas (13) and (14)  wTth a p rec i s ion  t o  the  cons tan t  mul- 

Given t h e r e  also-is t he  dependence in the  numerical 
and  k f o r  t h r e e  values  of parameter - u. 

l t i p l i e r  y 0). q--- 
I '... 

Let LIS now apply the  r e s u l t s  obtained , ,, 
1 1 , s  I t o  the  case of  IIeyney-(;rcenstein s c a t t e r -  

ing i n d i c a t r i x  131 : 

I 
I 

i i  40.1- 
I J(y) = (1  - cz) / (1 +Arz - ~ ~ c c u c s ~ ) ' ' ~ ,  ( 2 2 )  

0. '1 
! 

It = l J l  - g ) .  (2.3) 

This IIIC;UIS t h a t  the  approxim;tte dependence between t h e  q u m t  i t ics 
br-oiiglit out in  l'nblc 1, corresponds to  i n d i c a t r i x  ( 2 2 )  a t  g = 0 . 7 ,  0 .8 ,  0 .9 .  

and - k 
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'I'wo c.iirvcs art' given i n  1;ig. l  f o r  tlic i n d i c a t r i x  ( 2 2 ) ,  of which onc 

Wc may scc t h a t  f o r  
cot~vcys the prccisc dependence bctwccn A and k ( a t  g = (I.#), and the  o t h c r  
rel)rc\scnts thc approximate depcriclcncc ( a t  g = 0 .1 ) .  
v ; i  111c.s close t o  the ui i t y  both curvcs a r c  near  one another .  [:oriscquently, 
tlic t i t i1  i za t ion  of l i q .  (21 l c x l s  i n  the given case t o  s a t i s f a c t o r y  

case of  so lu t ions  of o the r  prohleins with the a i d  of I l q .  ( 2 ) .  

r c s u l t s .  

1 t III;I), Iw cspcctcd t h a t  sirni l a r  r e s u l t s  w i l l  be ohtaincd a l s o  i n  the  
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